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Abstract

In this paper we provide a Liouville type theorem in the framework of fracture mechanics, and more
precisely in the theory of SBV deformations for cracked bodies. We prove the following rigidity result: if
u € SBV(£2, RY) is a deformation of 2 whose associated crack Jy, has finite energy in the sense of Griffith’s
theory (i.e., HN=1(J,) < o0), and whose approximate gradient Vu is almost everywhere a rotation, then
u is a collection of an at most countable family of rigid motions. In other words, the cracked body does
not store elastic energy if and only if all its connected components are deformed through rigid motions. In
particular, global rigidity can fail only if the crack disconnects the body.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

A classical rigidity result in nonlinear elasticity, due to Liouville, states that if an elastic body
is deformed in such a way that its deformation gradient is pointwise a rotation, then the body is
indeed subject to a rigid motion. If the body is supposed to be hyperelastic with an elastic energy
density W defined on a natural reference configuration 2, a standard assumption for ¥V which
comes from its frame indifference is that V¥ is minimized exactly on the set of rotations SO(3).
Hence the rigidity result implies that the body does not store elastic energy if and only if it is
deformed through a rigid motion.

From a mathematical viewpoint, Liouville’s theorem can be stated as follows: if £2 C RN
is open and connected, u € C*®(£2; RV) is such that Vu(x) € SO(N) for every x € £2, then
u = Rx + b for some b € R and R € SO(N). The assumption on the regularity of u has been
fairly weakened, and now the same rigidity result is available for deformations in the class of
Sobolev maps (see Yu. Reshetnyak [19]). In this case the deformation gradient is defined only
almost everywhere in 2, so that the assumption for rigidity is Vu(x) € SO(N) for a.e. x € £2.

A quantitative rigidity estimate has been provided recently by Friesecke, James and Miiller
[14], in order to derive nonlinear plates theories from three-dimensional elasticity. They proved
that if £2 is connected and with Lipschitz boundary, there exists a constant C depending only
on £2 and N such that for every u € W1?(£2, RV)

Rergl(i)lgN) IVu — Rl 120y < C | dist(Vu, SO(N)) ||L2(9). (1.1)

As a consequence, if the deformation gradient is close to rotations (in LZ), then it is in fact close
to a unique rotation. Estimate (1.1) is indeed true in L? for every 1 < p < +o00, and this can be
proved with minor modification of the arguments of [14].

The aim of this paper is to discuss the problem of rigidity in the framework of fracture me-
chanics, that is for bodies that can not only deform elastically, but also be cracked along surfaces
where the deformation becomes discontinuous. The class of admissible deformations that we
consider, in this setting, will be the space of special functions of bounded variation SBV(§2; RV)
(see Section 2 for a precise definition). Given u € SBV(§2; RV), the approximate gradient Vu
(which exists at almost every point of §2) takes into account the elastic part of the deformation,
while the jump set J,, represents a crack in the reference configuration. The set J, is rectifiable,
that is, it can be covered (up to a H"~!-negligible set) by a countable number of C! submani-
folds of R¥. So J, is, in some sense, an (N — 1)-dimensional surface.

In the context of SBV deformations, we cannot expect a rigidity result as for elastic deforma-
tions, because a crack can divide the body into two parts, each one subject to a different rigid
deformation. We prove that this is essentially the only way rigidity can be violated, provided the
crack J, has “finite energy” (which, in the framework of Griffith’s theory, means that its total
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(N — 1)-dimensional surface is finite). If the body is not suitably divided by a crack in several
components, then rigidity as in the elastic case holds.

In order to formulate our result, we need some notions from geometric measure theory in
order to make precise the notion of a partition £2 in connection with SBV deformations. We refer
to Section 2 for more details. We say that a partition (E;);cN of §2 is a Caccioppoli partition if
Y ien P(Ei, £2) < 400, where P(E;, §2) denotes the perimeter of E; in £2. Given a rectifiable
set K C §2, we say that a Caccioppoli partition (E;);en of §2 is subordinated to K if (up to a
HN~1-negligible set) the reduced boundary 8* E; of E; is contained in K for every i € N. We say
that £2 \ K is indecomposable if the only Caccioppoli partition subordinated to K is the trivial
one, i.e., Ey=S2.

The main rigidity result of the paper is the following Liouville’s type theorem for SBV-
deformations.

Theorem 1.1. Let u € SBV(§2, RN such that HN~1(J,) < +00 and Vu(x) € SO(N) for a.e.
x € §2. Then u consists in at most countably many rigid deformations, i.e., there exists a Cac-
cioppoli partition (E;);cN subordinated to J, such that for a.e. x € §2,

w(x) =y (Rix + b1, (x),

ieN

where R; € SO(N) and b; € RN (as a consequence, J, = UieN 0*E; up to a set of HN-1
measure zero). In particular, if §2 \ J,, is indecomposable, then u is a rigid deformation, i.e.,
u(x) = Rx + b for some b € RY and R € SO(N) (hence, J, = ¥).

Let us observe that the assumption that HN=1(J,) is finite is essential in this result. Indeed,
it has been shown by Alberti [1,6] that any N-dimensional L' vector field can be the gradient of
a suitable SBV function, so that the rigidity clearly fails if one just assumes Vu(x) € SO(N) for
ae. x €.

In the context of fracture mechanics, Theorem 1.2 implies the following fact. Assume that the
density of the elastic energy stored in the cracked body is represented by a function W vanishing
exactly on SO(N). Then a deformation u of class SBV does not store elastic energy if and only
if the crack J, divides £2 in several subbodies, each one subject to a rigid motion. If J, is not
enough to create subbodies of §2, then u is a rigid motion for the entire body (and there is no
jump J,, at all). In this respect, the space SBV seems to be appropriate for the study of elastic
properties of cracked hyperelastic bodies.

The main difficulty to prove Theorem 1.1 is that the differential constraint curl Vu = 0, valid
for every Sobolev function, does not hold in general for SBV functions, because Vu is only
a part of the distributional derivative of u. However we prove that if u € SBV(£2; R") with
Vu € L*®(2; MN*N) then curl Vu is a measure, which is absolutely continuous with respect to
HN-L L Jy. This result (up to our knowledge, new and interesting on its own), combined with
the quantitative rigidity estimate (1.1) is enough to obtain our rigidity result.

The set of rotations in RY can be replaced by any compact set of matrices IC € MY *N which
satisfy a L?-quantitative rigidity estimate for 1 < p < %, i.e., there exists C > 0 depending
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on N and p such that, for every u € Wl’r"(.Q, RN),

Ir{neilré IVu — K|l r(2) < C||dist(Vu, K) ||Lp(m. (1.2)

Theorem 1.1 is obtained as a particular case of the following rigidity result.

Theorem 1.2 (The rigidity result). Let KK € MN*N be a compact set such that the quantitative
rigidity estimate (1.2) holds for some p € (1, N/(N — 1)). Let u € SBV(£2, RN be such that
HN=1(J,) < +00 and Vu(x) € K for a.e. x € 2. Then there exists a Caccioppoli partition
(Ei)ieN of 82 subordinated to J, such that for a.e. x € 2,

u(x) =Y (Kix +b)1g, (x),

ieN

where K; € K and b; € RN (as a consequence, J, = Uien 9 Ei up to a set of HN =V measure
zero). In particular if 2 \ J,, is indecomposable, then u(x) = Kx + b for some K € K, b € RN
(hence, J, =0).

In order to prove Theorem 1.2, the key point is to show that Vu is a piecewise constant
function that can jump only on J,, i.e., Vu € SBV(S2, MN*NY with V(Vu) =0 and Jy, € Jy,:
this implies that Vu is constant on a Caccioppoli partition subordinated to J,,, and hence that u
is affine on the same partition.

In order to establish that Vu is piecewise constant with jumps on J,, we use an approximation
based on a covering argument inspired by [14]. First of all we split our domain in a disjoint union
of small cubes Q}, of size #. On many of these cubes, HN=1(J, N Q) will be small, showing that
curl Vi is close to zero in Qy,. A Sobolev type estimate for L' vector fields with curl-measure
shows then that Vu is close in L? to the gradient Vwy, of a Sobolev function, which by the
quantitative rigidity estimate (1.2) is close in L? to a unique matrix K (Qp) € K. We show that
Vu is approximated by the piecewise constant functions v, such that v, = K(Qj) on each Qy,.
The sequence (¥,)nen has a uniformly bounded total variation which is controlled by curl Vu
and so by HV~1L_J,: we prove this, as in [14], by using again the quantitative rigidity estimate
on the union of neighboring cubes. An application of the compactness theorem for BV functions
is then enough to get the conclusion.

Let us mention that a local version of Liouville theorem on sets of finite perimeter, for Lip-
schitz maps, was already given in [13]. There, Dolzmann and Miiller prove that if u: 2 — RY
is in Wl*oo(.Q; RN), detVu > ¢ >0, and Vu € SO(N) for a.e. x € E, where E is a subset of 2
with finite perimeter, then Vulg € BV (£2), and D(Vulg)L(£2 \ 3*E) = 0. (So that the thesis
of Theorem 1.1 holds inside E.) This is easily deduced from Theorem 1.1.

Rigidity results in the spirit of Liouville’s theorem play also an important role in order to
understand possible microstructures arising in elastic bodies. The problem of microstructures
can be stated mathematically in the following way: given a set of matrices L € MV >V find
Lipschitz mappings u : 2 — RY such that Vu(x) € K for ae. x € 2. K is said to be rigid
if it does not admit nontrivial microstructures, i.e., if the only maps u € Wl’oo(.Q) such that
Vu(x) € K for a.e. x € §2 are affine.

An example of rigid set of matrices is provided by a famous result by Ball and James [7]:
K ={Ky, K3} is rigid if and only if rank(K| — K3) > 2. In this case, Ball and James proved that
rigidity holds also in the stronger sense of approximate solutions: for every sequence (uj)peN of
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equi-Lipschitz functions such that dist(Vuy, ) — 0 in measure, then either dist(Vuy, K1) — 0,
or dist(Vuy, K») — 0 in measure.

Theorem 1.2 can be used to infer a similar result in the framework of the discontinuous defor-
mations of class SBV. The quantitative rigidity estimate we need to apply our arguments has been
recently provided by De Lellis and Székelyhidi [12]: they prove in particular that if L € MV >N
is a finite set of matrices which is rigid for approximate solutions, then the quantitative rigidity
estimate (1.2) holds for any p € (1, 4-00) provided that §2 is Lipschitz-regular: Theorem 1.2
hence applies to K = {K, K3} as above, and, thanks to an extension by Sverdk of Ball and
James’ result, to /C consisting of three matrices without any rank-1 connection [20]. (The result
of De Lellis and Székelyhidi actually extends our thesis to any finite union of compact sets, each
satisfying a quantitative rigidity estimate, and such that any gradient Young measure supported
by the union is, in fact, supported by only one of the sets.)

For completeness, let us eventually say that if /C consists of four matrices without any rank-1
connection, rigidity can fail for approximate solutions for a suitable choice of the involved ma-
trices (see [21,22]), while K is always rigid with respect to exact solutions (see [11]). The case
N =5 is nicely illustrated in [18] by a non-rigid five point configuration without any rank-1
connection.

Finally, we observe that a linear version of Theorem 1.1 also holds true, with a simpler proof:
a SBD [5,8] displacement u with e(u) =0 a.e. is piecewise made of (linearized) rigid motions.
(A rigid motion being, in this case, an affine displacement with antisymmetric gradient.) A de-
tailed statement is given in Appendix A. The proof of this result relies on the same ideas as
the proof of our estimate on curl Vu in Section 3. The latter is based on a discretization, at a
step ¢ > 0, of the map u, and a reinterpolation argument that produces a “simplified” approxi-
mation u, of u, regular enough to be able to explicitly compute its curl. We then pass to the limit
as ¢ — 0. When e(u#) = 0, one shows that a slightly more complex (but similar) approach yields
approximate functions with e(u) = 0, as well. It follows that each u, is piecewise affine on a
finite perimeter partition, and this property is conserved in the limit. On the other hand, the non-
linear assumption Vu € SO(N) does not yield much more than the fact that u, is Lipschitz away
from its jump set, and it is not clear what to deduce in the limit. It seems thus that such a direct
approach fails to work in this case (hence the need for quantitative rigidity estimates). If u were
locally invertible—as in the already mentioned rigidity result of Dolzmann and Miiller [13]—we
might be able to show some rigidity of the discretized u, (modulo, of course, regularity issues)
and then pass to the limit: but this is of course not the case.

The paper is organized as follows. Section 2 contains mathematical preliminaries: we recall
some facts from geometric measure theory and from the theory of SBV spaces. The proof of
Theorem 1.2 is given in Section 5. It is based on estimates proven in the previous sections.
A key point is to understand how far Vu is from being a real gradient. The distribution curl Vu
provides such an information: we show in Section 3 that when u satisfies the assumptions of the
rigidity theorem, it is a Radon measure bounded by ™ ~'L_J,, (times a constant). A quantitative
estimate of the distance to the set of “real” gradients is then obtained. It follows from a Sobolev
type estimate for L' vector fields with curl-measure in a cube, which is shown in Section 4.
In Appendix A, we discuss the linear variant of Theorem 1.1.

2. Notations and preliminaries

In this section we recall the definition of the space SBV and some facts from geometric mea-
sure theory that will be used throughout the paper. We refer to [6] for further details.
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2.1. The space SBV

Let £2 be an open set in RY. We say that u € BV (2; RV) if u € L' (£2; RV), and its distrib-
utional derivative Du is a vector-valued Radon measure on §2. We say that u € SBV(£2; RY) if
u € BV(£2;RV) and its distributional derivative can be represented as

Du(A):/Vu(x)dx+ / ('t (x) —u™ () @ v(x)dHN 1 (),

A ANJy

where Vu denotes the approximate gradient of u, J,, denotes the set of approximate jumps of u,
ut and u~ are the traces of u on J,, v(x) is the normal to J, at x, and HY~! is the (N — 1)-
dimensional Hausdorff measure. The symbol ® denotes the tensorial product of vectors:

(a®b);j =aib; foreverya,beRV.

Note that if u € SBV(£2; RY), then the singular part of Du is concentrated on J,, which is a
countably HN—1_rectifiable set: there exists a set E with HY ! (E) =0 and a sequence (M;);eN
of Cl-submanifolds of RY such that J, € E U UieN M;.

We set, ford > 1,

SBV oo (2; R?) := {u € SBV($2; RY): Vu € L=(2; MN), HN7'(J,) < +o0} (2.1
and, as usual, SBV »(£2) := SBV »,(§2; R) whenever d = 1.
2.2. Piecewise constant functions and Caccioppoli partitions

Let £2 be an open set in RY, and let E C £2. We say that E has finite perimeter in £ if
1z € SBV(£2). The set of jumps of 1 is denoted by 0* E and is called the reduced boundary
of E: the derivative of 1 is concentrated on 3* E, and its total variation is given by HN-TL6*E.
The perimeter of E in §2 is given by HN =1 (3*E).

We say that a partition (E;);en of §2 is a Caccioppoli partition if ZieN HN-L*E) < +00.
Given a rectifiable set K C §2, we say that a Caccioppoli partition (E;);en of §2 is subordinated
to K if (up to a HV~!-negligible set) the reduced boundary 3*E; of E; is contained in K for
every i € N. We say that §2 \ K is indecomposable if the only Caccioppoli partition subordinated
to K is the trivial one, i.e., Eg = 2.

Caccioppoli partitions are naturally associated to piecewise constant functions, i.e., func-
tions u € SBV(£2; RV) such that Vu = 0 a.e. on £2. These functions are said piecewise constant
in §2 because they are indeed constant on the subsets E; of a Caccioppoli partition of £2. More
precisely (see [6, Theorem 4.23]) there exists a Caccioppoli partition (E;);en of §2 such that

u=> bilg, (2.2)

ieN

with b; # b; for i # j. Notice that if K is a rectifiable set in £2 such that £2 \ K is indecompos-
able, then a piecewise constant function « in §2 with J;, € K is necessarily constant on £2.

Eventually, we mention that compactness for a sequence of Caccioppoli partitions (E}');en,
n=1,..., oo, with uniformly bounded total perimeter, follows from the isoperimetric inequality
in RY. This is used in Appendix A.
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3. curl Vu is a measure for u € SBV o, (£2)

In this section, we show that the curl of the approximate gradient of a function u that satisfies
the assumptions of the theorem is in fact a measure, estimated with HN-TL Ju.

Theorem 3.1. Let u € SBV o ($2). Then curl Vu is a measure . concentrated on J, such that
Il < cllVulloHN L J.

In this statement, the constant ¢ depends on the dimension N. However, we conjecture that
the optimal constant is 2+/2 (considering the Frobenius norm for matrices).

Remark 3.2. Clearly, if u € SBV (£2; R9) is a vector-valued function (d > 2), then the result
still holds (with the same constant ¢ if the norm on tensors is still the Euclidean norm of the
associated matrix).

Proof. Let u € SBV (£2). We have:
ue Ll (), L:=||Vulloo <400, and H¥"'(J,) < +o0.

The distribution curl Vu is formally equal to the matrix (9;(du) — 9;(d;u))1<i, j<n and is de-
fined by

N
Vi) = 3 [ a0 - 0000 d.
ij=1g

forany ¢ € C°(2; M NxN ). Note that, here and in the forthcoming formulas, d;u denotes the
ith component of the approximate gradient Vu, which does not coincide, in general, with the ith
derivative in the sense of distributions. The thesis of the theorem is local, so that it is enough to
prove that if Q € £2 is a hypercube in £2, then for any ¢ € C°(Q; MN*N), one has

N
> /&u(x)a,-(w,,- — 9@ dx <l VullollpllooHY ' (e N 0). 3.1
i,j:lQ

Without loss of generality, we may assume that Q = (0, 1)V. We will approximate u in Q
with a piecewise smooth function, jumping only on facets of smaller hypercubes. This will be
done using a simplified variant of the discretization/reinterpolation technique presented in [9,10],
and inspired from [16].

Step 1. Consider the set J = J, N Q. Denote the canonical basis of RV by (e,-)lN= |
(e; = (&‘,j)?lzl)- One easily shows that for any i, the set

Jf={—tei+x:1€[0,¢], xeJ}

1
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is Lebesgue-measurable. Indeed, up to a H"V~!-negligible set A/, J is a countable union of
compact sets: hence Jl.g is the union of [—e&e;, 0] + N, which has Lebesgue measure zero, and of
a countable union of compact sets. We have the estimate

|7E[ < enN ),

which can be derived in several ways (e.g., using the area formula), and more precisely one can
show

|Jf|<s/|v,~(x)|dHN*1, (3.2)
J

where v(x) = (v1(x),...,vy(x)) is the normal to J at x, defined for HVN"'-aa. x € J.
For y € (0, 1), we now also define the discrete binary variable l;i(k) =1 JE (ey + k), for
any k € eZN N Q.

One shows that forany i =1,..., N

/8”’*1 > 12’,,~(k)dy:g*‘/ > Lpo+kdy =]

(0,HN keeZNNQ (0,8)" keeZNNQ

Hence using (3.2) and ZlN:l lvil <N,
/ NN i ody <VNHNTH).
(O,I)N i=l kGSZNﬁQ

Using Fatou’s lemma, we deduce

N
/ (liminfsN_IZ > z»;,,.(k)) dy <VNHN=Y W,

e—0

0, 1HN i=1 keeZNNQ
so that for any § > 0, there exists a set A of positive measure in (0, l)N , such that
N
A limi N—-1 Yy g N—-1 . .
yeA = liminfe Z > Ll <VNHNN I +s (3.3)
i=l keeZNNQ

Step 2. Let now A(r) := max{l —|¢],0} (t e R) and Ay (&) = ]_[,N:l A(&) for all € € RN (which
is known in finite elements approximation as the “Q1” interpolation function). If we let

HOEEDY u(ey+k>AN(¥—y),

keeZNNQ

it is well known that for a.e. y € (0, DY, vl > uin Ll(Q) (see for instance [9]).
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Step 3. The slicing properties of BV functions (see [6]) also ensure that for all i and HV~!-
a.e. z € {x € 9Q: x; =0}, the function (0, 1) ¢ — u(z + te;) is in SBV(0, 1), with finite jump
set given by {t: z + te; € J}, and whose derivative is given by ¢ — 9;u(z + te;), which by
assumption is bounded by L. We deduce that for a.e. y € (0, 1)V, the discrete function v} satisfies
i (ey +k +ee;) —vi(ey + k)| < Leforanyi=1,...,N and k € eZ" such that sy + k € Q,
ey+k+ce; € Qand J N[ey+k,ey+k + ee;] =@, which is equivalent to lg’i(k) =

Step 4. From Steps 1-3, there exists y € A such that:

liminfe™~ ‘Z > <VNHNTNI) +8, (3.4)

e—0
i=1 keeZNNQ

vy = uin L1(Q), and |v;¥(8y +k+ee;) — vg(sy + k)| <Leforanyi=1,...,Nandk e eZN
such that ey + k, ey + k + €e; € Q and lsy’i(k) = 0. We choose a sequence (&) j>1 such that the
liminf in (3.4) is in fact a limit, and let v; := vgj, and [ ; == lsyj’l..

From now on, since we refer only to the grids {e;y +¢;k: k € ZN} which we use to inter-
polate u, we can assume (up to translation) that y = 0, so that they coincide with the grids
{ejk: ke ZN}.

In a small cube k + (O, alj)N in Q (k€ stN ), as soon as J does not intersect any edge of the
cube, one has |0;v;| < L foralli =1,..., N so that |[Vv;| < V/NL inside the cube. Given an
edge [k, k +¢je;],if [; ; (k) = 1, then J intersects the edge. In this case, we cannot control |Vv;|
in all the cubes in Q that share this edge, whose total number is at most 2N-1 We et K ; be the
union of all such cubes: by (3.4) we have the estimate

N
(KjI <2V e YT N 1) <y (3.5)

i=1 kEEjZNﬂQ

On the other hand, we have

N
HY @K < (N D2V N 1,

i=1 kESI'ZNﬂQ
so that (using (3.4), with the “liminf,_,¢” replaced with “lim; _, ")

limsup Y1 (9K ;) < C(N)(N + D2V H(VNHN (1) +6). (3.6)
j—o00
Let v/ =vj IQ\K By (3.5), we still have v; — uin Ll(Q) as j — oo. The previous discussion

shows that in any Q' € Q, for j large enough, v’ € SBV(Q') with |Vl < < +V/NL, V) is
piecewise smooth and J,; € 0K is a subset of a ﬁnlte number of facets of hypercubes

By Ambrosio’s theorem (see [2—4] or [6, Theorem 4.36]), we know that Vv — Vuin L?(Q")

(for any p < +00). Hence curl Vv’ i X curl Vi as j — 00, in the distributional sense. On the
other hand, since

’r_ ’ l N-1 .
va—ij(x)dx—i—vijj’H LJK;
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(where v K; is the exterior normal to K; and v;. stands here for the non-zero trace of v;. on the
exterior surface of K;), and since curl Dv;. =0, one has

N-1
cuerv} = —curl(v}ijH |_8Kj),
which can be shown to be equal to
—(va;-) A ijHN_l LAK;,

where a A b denotes the antisymmetric tensor product a ® b — b ® a. Hence its total variation, as
a measure, is bounded by v2NLHN "1 (3K ;). If ¢ € C2°(Q; MV*N) is fixed, one has therefore
(choosing Q’ such that suppg € Q'),

(curl Vv, ) SV2NL |9llocHY ' (0K ).
Passing to the limit and recalling (3.6), we get
(curl Vi, 9) < V2NL [lplloo(N + D2V NV NHN () +6).

Sending § to zero and recalling J = J, N Q and L = ||Vu| », we conclude that (3.1) holds with
a constant ¢ < ﬁN(N + 1)2V=1. This shows the thesis of the theorem. [

Remark 3.3. The set J, is rectifiable: for HN~'-ae. x € J,, if p > 0 is small enough,
Ju. N B(x, p) is essentially a C! hypersurface that cuts the ball B = B(x, p) into two disjoint
Lipschitz sets, up to a set of H"~! measure o(p"V~!). Moreover, up to a change of basis, we
have v >~ ey (and |vi| >~ 1, |v;| < 1 fori > 2) in J, N B. A similar study (see again [9,10]) will
show that in such a ball B, |curl Vu|(B) < 22N | Vulloo™HN =1 (J, N B). Passing to the limit
o — 0, we improve the constant ¢ in the theorem: ¢ < 22N. We expect, however, that a differ-
ent approximation technique, possibly not based on a discretization, would help remove the v/N
in that constant.

Remark 3.4. Notice that the assumption u € SBV «(£2) is essential in order to obtain that curl Vi
is a measure absolutely continuous with respect to 7" ~1L_J,. In general, curl Vu is not even
a measure in £2 for u € SBV(£2). In fact it suffices to consider f € L'(£2) such that curl fis
a distribution of order one in £2, and the function u € SBV(£2) given by Alberti’s result [1]
such that Vu = f. More explicit counterexamples can be constructed as follows. We consider
functions defined on 2 C R2, so that we can identify curl Vu with the distribution

(curl Vu, ¢) := /(82u81<p — Jd1udrp)dx,
Q

where ¢ € CZ°(£2).
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(a) If we drop the assumption Vu € L%(£2,RN), we can consider £2 as the square Q1 =
1—1, 1[2 of R? and u € SBV(Q)) defined as

u(x,y) = {1“(x2 %) ify>0
0 if y <O.
It can be easily checked that curl Vu is a distribution of order one.
(b) If we drop the assumption HY~1(J,) < 400, we can reason as follows. Let © be the 2-
periodic function on R such that 9 (x) =1 — |x]| for x € [—1, 1], and let ¥ (x) := L9 (kx).
Let Q1 =1—1,1[% and let forn > 1

1 1
Sn :Z{(X,y)EQ]: m<y<;}

We can find &, € N in such a way that k, /' 400 and

) Ut (x)  if (x, y) € Sy,
ulx,y) = .
Y 0 ify<0
belongs to SBV(Q1). Moreover, |Vu(x,y)| =1 ae. on Qg, so that Vu € L°°(Q1,]R2).
Clearly curl Vu is a Radon measure on every open set A, := {(x,y) € Og: —% <x < %,

# <y< %} (which is compactly contained in Q1), but |curl Vu|(A,) =n — 1. As a con-

sequence curl Vu cannot be a measure on Q.

4. An estimate for vector fields in a cube

This section is devoted to the proof of how we can estimate a divergence free vector field on
a cube with zero normal trace in terms of the total variation of its curl: this estimate will be used
in the proof of the rigidity result in order to measure how far Vu is from a “real” gradient.

Proposition 4.1 (Sobolev estimate for vector fields with curl measure). Let Q = (0, 1) be the
unit cube in RN . Let 1 € M(Q; MN*N) be a bounded Radon measure on Q and ¢ € L'(Q, RN)
be a vector field such that

curlp =pn in Q,
divp=0 inQ, 4.1
p-v=0 ondQ,

where v denotes the exterior normal to 0 Q (the first equality is in the distributional sense in Q,

while the two last mean that ¢l has zero distributional divergence in RN). Then for every

N
1 < p < §—7 we have that

lollLr(g.mv) < Clul(Q), 4.2)

where C depends only on N and p, and | - | denotes the total variation.
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Proof. We give a proof based on a duality argument and more classical elliptic estimates. Let
us consider n € C®°(Q; RY), and let g = (g1,...,8n) € C®°(Q; RY) be the solution of the
equation

Ag=n inQ,
gi=0 onae_lQ,izl,...,N, 4.3)
% =0 N9, Q, ij=1,....N, i#].

where still, {e;: i =1, ..., N} is the canonical basis of RY, and 0,1 O denotes the faces of 9Q

with v = £e;. (Observe that (4.3) corresponds to finding g that minimizes the energy f 0 |Vg|>+
2n - g, with boundary condition g - v =0 on dQ.) By elliptic regularity, for any g € ]1, 4-o0[ we
have the estimate

gllw2aco.rYy < Clinllpaco,rYys 4.4)

where C depends only on N and g. Estimate (4.4) would be standard in a smooth domain. It
is shown in a two-dimensional square in [17, Theorem 4.3.2.4]. The general N-dimensional
case can be easily proved in the following way: (1) first extend g periodically to the entire RY
by symmetrizations or antisymmetrizations across suitable hyperplanes; (2) use standard elliptic
estimates (see [15, Theorem 9.11]) and a contradiction argument. (The smoothness of g, up to the
boundary, also follows easily from this extension.) When ¢ > N, (4.4) and Sobolev’s embedding
theorem yield

”Vg”CO(Q MNXNy X C||77||Lq(Q RN)- 4.5)

We claim that for every ¢ € L'(Q,R") such that curlgp = u € M(Q, MN*N), the following
integration by parts holds

/Vg:du:—/[go-V(divg)—<p~Ag]dx. (4.6)
0 0

Then, taking into account (4.1) and (4.3) we get

/Vg:du:/<p~ndx,

0 0

and in view of (4.5), for every g > N we deduce
[
0

Since 7 is arbitrary, we deduce that ¢ € L?(Q, RY) where p = —=5 and that

S Clel(DnllLao,rYy-

lellLeo.ryy < Clul(Q).

As g varies in [N, 400, p ranges over |1, %[, and (4.2) follows.
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In order to conclude the proof we have to prove claim (4.6). Assume first that ¢ is smooth up
to the boundary: we show that

/Vg:curlgodx:—/[¢~V(divg)—go-Ag]dx. 4.7
0 0

In fact we have

/Vg ccurlpdx
0

= Z/(ai‘/’j — 3ji)0; 8 dx

i g
=Z/(§0j3jgi\1i — idjgivy)dHV ! +Z/(—¢j3,%jgi +9i07 ;8i)dx.  (4.8)
i 50 ij )

Since

Zf(—so/a?,jg,- +@id7 gi)dx =— /[(p - V(divg) — ¢ - Ag]dx,

o 0
Eq. (4.7) follows if we prove that the surface terms in (4.8) vanish: but this clearly follows from
the regularity of g and the boundary conditions in (4.3).

Consider now a general ¢. We extend it to zero outside of Q. For each n > 1, we introduce
the homothety of RY

2
x> Ty(x) :=x12+ <l + ;)(x —Xx1,2),

where x1,2 = (%, e, %) is the center of Q. If p is a radially symmetric smoothing kernel with

support in the unit ball of RY and p,(x) = (1/8)" p(x/¢), we can find &, < 1/n in such a way
that setting

@n ‘= Pg, * (p(Tn_l('))»

we have ¢, — ¢ strongly in L' (RN, RY). Clearly, u, := (curl on)lo A w weakly as measures

on @, and one can show that this sequence is tight: |, |(Q \ K) can be made uniformly small if

the compact set K € Q is well chosen (because ||(Q \ K) is arbitrarily small). From this we

get that |, 0 fdun— |, 0 f du for any bounded, continuous test function f, as n — oo.
Applying (4.7) to the restriction of ¢, to Q we deduce that

/Vg:dun =/Vg:curl<p,,dx=—/[<ﬁn-V(divg)—(pn~Ag]dx.
0 0 0

Letting n — 400, we obtain (4.6). O
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5. Proof of Theorem 1.2
Let us first deduce from the results in the two previous sections the following rigidity estimate.

Proposition 5.1 (The rigidity estimate). Let K C MN*N be a compact set such that the quan-
titative rigidity estimate (1.2) holds for some p € (1, N/(N — 1)). Let Q = (0, DN be the unit
cube in RN, Let u € SBVoo(Q; RN) (cf (2.1)) be such that Vu(x) € K for a.e. x € Q. Then
Wy :=curl Vu is a measure concentrated on J, and there exists K € IC such that

Vu — KllLrg) < Clua|(Q), (5.1
where C depends only on N and p.
Proof. By Theorem 3.1 we have that u, := curl Vu is a measure concentrated on J,, such that

il < cHN LU,

where c is a constant depending only on ||Vu||s (and on N).
Let us consider w € H! (Q: RM) solution of the minimization problem

min{nw—wniz(g): ve H'(0;RY), fv(x)dx:O}.
0

Let ¢ := Vu — Vw. We have that ¢ € L>(Q; M¥*N), and by minimality, that fQ ¢:Vudx=0
for any v € H'(Q; RY), hence:

divp=0 in Q,
¢-v=0 onadQ.

Moreover, we have that

curlp =curl Vu — curl Vw = u,,

ie., curlp € M(Q; MN*N),
By Proposition 4.1, there exists a constant C depending only on p and N such that

lellLro) < Cluul(Q)

so that

IVu = VwliLr) < Clul(Q). (5.2)
Moreover, by the rigidity estimate (1.2) we have that there exists K € K such that

IVw — K lLr(g) < C||dist(Vw, K) ng) (5.3)
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(possibly changing C, which still depends only on p and N). In view of (5.2) and (5.3), and since
Vu(x) € K for a.e. x € Q, we deduce that

IVu — KllLro) < IVw = KllLr(g) + IVu — VwllLr(g)
< Cldist(Vw, K| ) + IV = VllLrg)
< C|dist(Vu, K) | ) + (L + OV = Vull (o)
S+ OClul(Q)

so that (5.1) holds. O
We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Since Vu(x) € K for a.e. x € §2, by Theorem 3.1 we have that p, :=
curl Vu is a measure concentrated on J,, and such that

Il < cHNTIL U, (54

where ¢ = c(||Vit|lso, N). Let us cover RN by means of disjoint cubes of side 4, and let
{Q(ai, h)}ics be the family of these cubes contained in £2. We can assume that HN=1 (1, N
U; 3Qi) = 0. We carry out the proof in several steps.

Step 1 (Piecewise constant approximation of Vu). By Proposition 5.1, using a rescaling argu-
ment, we have that for every i € I there exists K lh € IC such that

wWN/p
[0 = K 1o gt iy < € sl (i, ), 55)

where C depends only on p and N.
Let us consider the piecewise constant function v, defined on §2 such that

K!' ifxe Qa,h),

5.6
0 if x ¢ ;e Qai, h). (5.6)

Yp(x) == {

Step 2 (Estimate for | D). Let us estimate the total variation | Dy, | of 1. We consider two
neighbouring cubes Q(a;, k) and Q(aj, h). By applying estimate (5.1) to the rectangle Rff i=
int(Q(a;, h) U Q(a;, h)) (of size 2h in one direction and 4 in the N — 1 other: the proof of
Proposition 4.1 in that case is identical to the proof in the case of a cube, or, alternatively, can be
easily deduced by an appropriate transformation of the cube), we have that there exists K € KC
such that

- hN/p b
(Vi — K”Lp(Rl?fj) < CW'H’M'(R[J')’ (5.7
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where C depends only on N and p. Then, in view of (5.5) we get that
|Ki' = K]
<|K!' - K[+ |K - K} <277 (k! = K|"+ K - k)77
=217V NIP | K — (K o + K?IQ(aﬁh))”LP(Rffj)

< 21—1/[7h—N/1’(||K — VMHLP(RQ].) + HVu — (Kith(ai,h) + K;IIQ(aj,h)) “LP(R;',.))

<217 Vep=NIp (1K - V””LP(R?J) + | Vu - K “LP(Q(a,-,h)) + |V - K]h “LP(Q(aj,h)))

<2 ()
so that
RN K — KB < Clual (R]) (5.8)
for some new constant C depending only on N and p. We conclude that the variation of D,
across the interface 9 Q(a;, h) N dQ(aj, h) is estimated with the variation of the measure u, in

the union of the two cubes Q(a;, h) and Q(a;, h) and their common interface.
Let now A, B be open and such that B € A C A C £2. By (5.8) we get that for & small enough

DYl (B) < Cluul(A) (5.9)
for some C depending only on N and p.

Step 3 (Vu is piecewise constant). Since K € MYV >N is compact, we have that v, is uniformly
bounded in L®(£2; MN*N). In view of (5.9), and since |py,| < HV 'L J,, we can use the
compactness in BV (see [6, Theorem 3.23]) obtaining ¥ € BV (£2) such that

Y, — ¥ strongly in Ll(.Q, MNXN)
and

DY |(A) < CHN (7, N A) (5.10)

for every open set A C 2.
Let us check that ¢ = Vu. Since Vu and 1, are uniformly bounded in L>°(£2; MN*N), and
since p < %, by (5.5) we have that

hmsup IVu —¥pllLre) < hmsupz IVu — Yl LpQa;,h))

h—0

iel
WN/p
hmsuch it Hal (QGai )
h—0 iel
N/p
hmsupChN 1|/Lu|(.Q)=O
h—0

so that ¥, — Vu strongly in L?(£2; MN*N), and ¢ = Vu.
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By (5.10) we get that Vu € SBV($2; MN>*N) and that D(Vu) is concentrated on J,. Since
HN-L(J,) < 400, by [6, Theorem 4.23] we deduce that Vu is piecewise constant, i.e. there
exists a Caccioppoli partition {D;} jen and matrices K ; € K such that

0*D; Sy Y HNTN@* D)) =2HN T (Jvu) <2HN TN () (5.11)
jeN
and
W:ZKjlpj. (5.12)
jeN

Step 4 (Conclusion). Let us consider the map w € SBV(£2) defined by

w(x) = Z(Kj - 0)1p, (x).

jeN
Since Vw = Vu, and J, C J,, in view of (5.11), we deduce that D(u — w) is supported by J,,.

By [6, Theorem 4.23], we conclude that there exists a Caccioppoli partition {Fy}xen of €2,
and by € RV, such that

VRN, Y HNT'@*Fn2) <2HY T ()
keN

and

u—w=Yy blpg. (5.13)
keN

Considering the Caccioppoli partition {E;};cN determined by the intersection of the families
{D;}en and { Fy}ren, we deduce that there exist K; € K and b; € R¥ such that

=) (Ki-x+b)lg ).

ieN
Clearly we have J, € (J;cy 9" E;. In order to conclude the proof, let us show that indeed

Ju=U;en 0 E; up to a set of HN~! measure zero. In fact, up to relabelling the sets E;, we can
assume that (K;, b;) # (K, b;) for i # j. Notice that

Uo E\L < J 4.

ieN i#]
where A;; are the affine spaces

Aij = {x GRNI (K,' —Kj))C:bj —bi}.
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The conclusion follows since A;;, if not empty, has codimension at least 2, so that HN=1(A; ) =0.
Infactif K; = K, then b; #b; and A;; = 0. If K; # K, we have

rank(K; — K;) > 1
(otherwise a rank-1 lamination would contradict the rigidity of ), so that dimA;; <N —2. O
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Appendix A. The linear case

A natural question is whether the linear version of Theorem 1.1 holds, that is, if a displacement
u € SBD(£2) with e(u) = 0 a.e. is piecewise rigid. Let us recall that BD(£2) is the space of
displacements u € L! (£2; RN) such that the symmetrized distributional derivative Eu = (Du +
(Du)T)/2 is a bounded Radon measure, and SBD(£2) the subspace of such displacements such
that this measure can be decomposed as

Ew)=e@)dx+ (ut —u") OvHN L,

where u™, u™, v and J,, may be defined as for SBV deformations, anda ©b=(a @b+ bR®a)/2
is the symmetrized tensor product. See [5,8] for details.

The condition £(u) = 0 may be seen as a linearization of V(Rx + su(x)) € SO(N) a.e.,
as ¢ — 0, where R € SO(N). In other words, it expresses the fact that the gradient of u is an
antisymmetric distribution. In this case, it is known that u is in fact affine, with antisymmet-
ric gradient. In case only the absolutely continuous part e(u) vanishes, and the jump has finite
energy, one has:

Theorem A.l. Let u € SBD(£2) such that HN~1(J,) < 400 and e(u)(x) = 0 for a.e. x € £2.
Then, u is a piecewise rigid displacement: there exists a Caccioppoli partition (E;);eN subordi-
nated to J,, such that for a.e. x € §2,

u(x) =Y (Aix + b1 (x),

ieN

where A; is an antisymmetric N X N tensor and b; € RY (as a consequence, J, = Ui en 0T E;
up to a set of HN ! measure zero). In particular, if 2 \ J, is indecomposable, then u is a rigid
displacement (and J, = 0).

Proof. The proof of this result is somewhat easier than Theorem 1.1 and we just sketch it. It turns
out that if e(u) = 0 a.e., the one-dimensional slices s > u(z+s€)-£ in the direction £ € SV ~! are
piecewise constant for almost all z € £, with a finite number of jumps: indeed, their derivative is
given by (e(u)(z +s&)&) - &, which is O [5]. Thus, we may hope that an approximation argument
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based on slicing, discretization and reinterpolation of the function, as in [9,10] and Section 3 will
provide us with very “simple” approximating functions.

Let us first follow Steps 1-4 of the proof in Section 3: it provides us with a sequence (u,),>1
(denoted by (v})j% in Section 3) such that u, — u in L'(Q; RM) (with Q a given cube in £2),
and with, still, u,, € SBV(Q; RN ) and J,, made of a finite number of facets of hypercubes,
with HN=1(J,,) < cHN~1(J,). Now, instead of the Lipschitz estimate, the property that u - £ is
constant along slices in the direction & (except across J,) yields that u,, also enjoys this property,
but only in the directions ¢;, i =1, ..., N, along which the slicing have been performed. This is
not sufficient to deduce that e(u;,) = 0 (only, the diagonal part of e(u,), computed in the basis
(e,-)fvzl, vanishes).

To overcome this difficulty, we need to follow the ideas in the proof of [9, Theorem 1] (see
also [10] for the case N > 3). When choosing the origin y € (0, 1)N of our discretizations, we
also consider the slices of u in the directions (e; +€;)1<i <<~ and make sure, as before, that the
corresponding edges [ey +k, ey +k +¢e(e; +e¢j)], k € eZN, cross the jump set J,, a number of
times which is controlled by the total surface HV~1(J,). As a result, the approximate functions
u, will also satisfy, out of J,,, that (¢; +¢;) - V(u, - (¢; +e¢;)) =0forall 1 <i < j < N.This
is enough, now, to deduce that e(u,) =01in Q \ Jy,.

Hence, such a u, is of the form } ;(A7x + b?)lE;l (x). Now, since HN—I(UI, IEM) <
cHN=1(J,) < 400, the partition (E}'); may be assumed to converge, as n — 00, to a finite-
perimeter partition (E;); of Q. It is then easy to deduce the thesis of Theorem A.1. O

The essential difference with the nonlinear case is that in the latter, we cannot ensure that
our approximate functions u, satisfy exactly the constraint: hence the need for approximate and
quantitative rigidity results and a more involved proof. Observe that in the same way we can give
a quite simple variant of the proof of [6, Theorem 4.23] (u € SBV(£2) with Vu =0 a.e. yields u
piecewise constant).
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